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Diffusion of Radiation in a Semi-Infinite Medium in the Case
of Anisotropic Scattering. L

I. N. MlNIN

In 1951 Sobolev1 proposed a new method of solving various problems of the theory of radia-
tive transfer based on the probability of emission of a quantum from the medium. Sobolev
applied this method to the solution of a series of special problems of the theory of radiative
transfer and developed a general statistical interpretation for the problem of radiative trans-
fer.2 In particular, he solved completely the problem of radiation diffusion in a plane layer
for any radiation sources, whose power is dependent only on the depth, for isotropic scat-
tering.3 The present paper investigates the problem of radiation diffusion in a semi-in-
finite medium by the probability method in the case of anisotropic scattering.

In astrophysics the case of anisotropic scattering is encountered during investigations of the
optical properties of planetary atmospheres and dust nebulae. Investigations of stellar at-
mospheres indicate that such a case exists for the scattering of light on free electrons and also
at spectrum line frequencies.

The Probability of the Emission of a Quantum
from the Medium

1.

LET us now introduce quantity p(r, 77', 77, <pf — <p)da
the probability that a quantum absorbed at an optical

depth T from the direction forming an angle arc cos77' with
the outer normal to the layers and having azimuth <pf, is
emitted from the medium through boundary r = 0 under
angle arc COST; to the normal and with the azimuth ^ within
solid angle du. Together with this probability, we also intro-
duce q(r, 77', 77, <p' — <p)dco—the probability that a quantum,
emitted to the optical depth r in the direction which forms
the angle arc cos??' with the outer normal and has the azimuth
<pf, leaves the medium at an angle arc cost; to the normal and
with the azimuth <p within the solid angle rfco.

If, in the sense of the probability, the scattering indicatrix
x(y) and the ratio of the coefficient of scattering to the ex-
tinction coefficient X are introduced, the following relation-
ship is obtained:

~ dtp"
4?r Jo

x ( y ) q(r, T,", T?, <p" - <f)dr," (1)

where

cosy = VV + V(l - V'2)(l - V2)cos(<?" - f ' ) (2)

The expression for the function q(r, 77', 77, <pf — <p) can be
derived readily from p(r, 77', 77, <pr — <p) on the basis of the
fact that this quantity

e~ ~^ ^ for 77' > 0

-e f o r 7 7 ' < 0 (3)

determines the probability that the quantum, emitted at
depth r in the direction forming an angle arc cos 77' with the
normal, is absorbed in the layer from r' to T' + d r f . Namely

dr^
r)'

5(77'- 77).8(v' - (r,' > 0) (4)

Translated from Vestnik Leningradskogo Universiteta, As-
tronomiia (Bulletin of Leningrad University, Astronomy), no. 1,
133-143 (1961). Translated by Astrid Werner, New York.

/*
q(r, 77', 77, <p' - <p) = - J

(T', , 77,

* p X

' - <*) ̂ (77' < 0) (5)

In (4) d is the Dirac function and quantity g-O/7^ deter-
mines the emission probability of the quantum from depth T
emitted without scattering at this depth at an angle arc COST?
to the normal. Equations (4) and (5) give

77', 77, <p -

p(r, rj', 77, (p' - (6)

The existence of (1), (4), and (5) indicates that it is sufficient
to study only one of the functions p(r, 77', 77, <pf — <p) and
q(T, V> il, <p' — <p), since the other is determined from the
given representations. Function p(r, 77', 77, <p' — <p), though,
is investigated in the following.

2. Equations for p (r, 77', 77, <p' — (p)

Substitution of (4) and (5) in (1) gives

r |~ /•! fr
d<p" I x(iy)drj" I P(T', ti", 77, <p" — <p) X[_Jo Jo

dr' /*o r oo
— - I x(-Y)dr)" I p(T', rj", 77, <p" - <p) X
77 •/ —1 J r

(7)

where

cosTi = 7777' + V (1 - tf)(l - T?'2) cos(^; - <p) (8)

Equation (7) can be derived readily on the basis of the
following:

/ , , ^ B(r> — V» t\> <?' ~ <P)
irS

(9)

which was found by Sobolev.1 In (9), B(r, —77', 77, <pr — <p)
is the source function in the problem of the luminosity of the
medium illuminated by parallel rays; wS is the magnitude
of flux of incident radiation per unit area, perpendicular to the
rays and located at the boundary of medium r = 0. It is
pointed out also that the following equation is valid:

, 77', 77, <p' - <p) =7(r, -77', 77, <p' -
irS

(10)
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where /(r, —y', rj, <p' — <p) is the intensity of radiation in the
problem of the luminosity of the medium illuminated by
parallel rays.

Let us now derive another equation for the function
P(T> rfj *1, <Pf — <p) using its probabilistic meaning. Let us
first determine the probability of a quantum emission from
the optical depth r + AT assuming that the probability of
emission from depth r is known. In such a case it is assumed
that the quantum is emitted from optical depth r and that it
then passes through an additional layer of thickness AT.
Hence

p(r + AT, 77', 77, <p' - <p] = p(r, 77', 77, <p' - <p) X

77", 77, v - (11)

where the first term of the right side takes into account the
quanta passing through the additional layer without absorp-
tion and the second term takes into account the quanta ab-
sorbed in the additional layer which are re-emitted from the
medium after scattering in the given direction. Equation
(11) gives for AT —* 0:

dp(r, 77', 77, <p' - <p) I ,
———————— — ' ' -

p(T> *'> *"> *' ~ *">P(°' ^"> *> *" ~ ^ " d<p"
(12)

The following relationship must be added to the functional
equation (12) :

p(0, 77, <? - = — X

» r
J 0

rj, <p - (13)

which is derived readily from (7) for r = 0.
here

cosT = -i»V + VU - rj'2j(l - V'2 X

It is noted that

0

and p(77'> 77, 9?' — <p) is the coefficient of diffuse reflection for
the given medium. Equation (13) can be derived also from
physical representations, considering that p(0, 77', 77, p' — <p)
is combined of the probability of the quantum emission
directly from the boundary layer and the probability of
scattering of the quantum by this layer toward the medium
with the subsequent diffuse reflection of the quantum by the
medium. Equation (13) is derived by employing the follow-
ing equation:

p(77", V, <P" ~ <P)' V =
-< , <n dr ,p(r, — 77 , 77, <p — <p)e (T/r} } — (14)

V

which is derived readily taking into account the probabilistic
meaning of the quantities contained.

3. Luminosity of the Medium Illuminated by
Parallel Rays

Let the medium be illuminated by a flux of parallel rays
incident on the boundary of the medium at an angle arc cosf
to the normal and with the azimuth <pQ. These rays produce a
luminosity equal to irS of the plane perpendicular to them.
Hence, taking into account that the quantity

irSe~(-T/^ dr (15)

determines the amount of energy absorbed by elementary
volume having a cross section of 1 cm2 and optical thickness
dr for an optical depth r per second from the direction forming
an angle arc cos (—f) with the normal and having the azimuth
<PQ, we have

7(0, 77,

irS> pJo -*)"- (16)
f]

where 7(0, 77, f , <p — <po) is the intensity of radiation emitted
from the medium at an angle arc COST? to the normal and with
azimuth <p. On the other hand, as already known, it is pos-
sible to write

7(0, f, „, «,-„)= B(r, f, 17, - v)

Using (9) and comparing (16) and (17) we have

7(0, 77, f, <p - <pQ) - 77 = 7(0, r, r?, <p0 - *

(17)

(is)
From the definition of the coefficient of diffuse reflection, in
agreement with the relation

we have finally

(19)

(20)

Equation (20) shows that the coefficient of diffuse reflection is
a symmetrical function of the angles of incidence and reflec-
tion. This property expresses the principle of reciprocity for
this case. The validity of Eq. (20) in the case of a spherical
indicatrix of scattering has been proved in the past by
Sobolev.2

It should be pointed out that so far we investigate the prob-
lem of radiation diffusion in a semi-infinite medium under the
assumption that quantities X and x(y) are independent of the
optical depth r. However, if this assumption is neglected
and the investigation follows lines analogous to the one set
forth, then Eq. (20) is obtained again. Hence, the principle
of reciprocity in terms of (20) is valid in a semi-infinite
medium for any arbitrary scattering indicatrix and for any
arbitrary variation of the optical characteristics with the
depth.

Let us assume now that the scattering indicatrix is ex-
panded in Legendre's polynomials

(21)

Using the addition theorem for Legendre's polynomials and
taking (2) into account we have

(2 -

(22)

where

do,m =

for m = 0

for m > 0

= x.
*

and 0 ri)

where Pim(rj) is the associated Legendre function.
The magnitude of the coefficient of diffuse reflection is

found through (12) assuming that 77' = — f, where f > 0
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and <p' = <PO. Multiplication of this equation by e~^
and integration over r within the limits of 0 to oo give

h r, <P - <Po) =

7rp(0, -f, 77, <f>0 - <p) + f f1 f *" p(77", f, <?0 - <?") X
•/ 0 »/ U

p(0, 77", 77, <p* - <p)di,'d<p* (23)

Equation (12) implies that function p(r, 77', 77, <p' — <p)
for the scattering indicatrix of form (21) can be expressed in
the following terms :

p(r, 77', 77, <p' —<?).= (24)
m =0

where quantities pm(r, 77', 77) satisfjr the following equations:

dpm(T, 77', fj) 1——— ~ ——— -or 17
77 , (^TT(! X̂

P»(T, u', r?") p»(0, i,', u) (25)

and (13) implies for p»(0, ij', ij):

P-(O, i?', fl) = r1

- f '
*/0

(26)

Quantities p»(^', 77) included in (26) are determined from the
expansion

n
M, i?> 9r - <p) = I] PmW, 77) cosm(<p' - <p) (27)

m=0

Substitution of (24) and (27) in (23) gives

o? + f)pm(i?, r) = wo, -r, 77) + TT(I + 80,»)r x
' (28)

Using (26) and introducing auxiliary functions <pim(rj) deter-
mined by the following equations :

-^V- f* PW-— 00,™ «/o

we have

pw(77, f) = £ (2 - «o,« (30)

The equations for the auxiliary functions <ptm(rf) can be found
readily by substituting (30) in (29) and are written in the
following terms:

^(77) = Pim(ri) + ^ 77 J (-D^C^AI?) x
^ fc = m

f1 ̂ ? PA^AIJo 77 + 77"

(i = m, m + 1, . .., w; 0 ^ m ^ n) (31)

The results expressed in terms of (27-31) were first derived
by Ambartsumian4 in another way. The derivation of these
formulas demonstrated herein, employing the concept of the
probability of the emission of a quantum from the medium
permits one to reveal the probabilistic meaning of the auxil-
iary functions <pim(ri). Namely, using (26) and (29) we have

P*(0, 17', 77) = ̂  (2 - 60,») Z cWMvWri) (32)
"*7r i = m

Hence, (24) and (32) imply that functions ^(77) determine

the probability of the emission of a quantum from the medium
when it is absorbed in the surface layer.

4. Luminosity of the Medium for Different
Sources of Radiation

If function q(r, 77', 77, <pf — <p) exists for a given medium,
then the intensity of the radiation 7(0, 77, <p) emitted from
the medium can be found readily for any arrangement of the
sources. This intensity can be determined according to
the following equation:

(33)

where BQ(T, rj, (pjdrdu is the amount of radiant energy emitted
by the radiational sources located at optical depth r in
elementary space with a cross section of 1 cm2 and an optical
thickness dr at an angle arc COST? to the outer normal and
azimuth <p within solid angle da) per sec. Hence, if the me-
dium is illuminated by a parallel radiation, then one can write

(34)

where

i72)(l

substituting (34) in (33) and taking (1) into account, we derive
(16) used in the foregoing section.

In a series of instances it appears possible to obtain I X
(0, 77, <p) without finding functions q(r, 77', 77, y' — <p) before-
hand. Let us now study the determination of the intensity
of radiation emitted from the medium for certain radiational
sources.

1) Let the power of the radiational sources located in the
medium be determined as follows:

T, 77, = 6(77, (35)
Then the following formula is derived for the intensity of
radiation emitted from the medium :

~ f "V77 •/ — i > ^OffCs, V, 1* *' ~ vWdv' (36)

which is obtained when (35) is substituted in (33). In this
formula

q(s, *!', 1, <?' - <P) = f" e-STq.(r, 77', 77, <p' - <p)dr (37)»/ o

Quantity q(s, 77', 77, • <p' — <p) is determined by using (6).
Multiplication of both parts of this equation by e~8Tdr and
integration over r from 0 to oo gives

77rg(0, 77', 77, <p' — <p) + p(s, 77', 77, <pr —
————————l +S)?, (38)

where
p(s, rj', 77, <?' - <p) = e-STp(r, 97', 77, <p' - <p)dr (39)

Equations (4), (5), and (14) give

7 7 , 77, <p -

- p(-77r, 77, <p' - <^)'77 for 77' < 0
(40)

6(77' - 77). 5(^' - <p) for 77' >0

Quantity p(s, 77', 77, ̂ ' — <p) can be determined from (12).
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This quantity will be derived in the second part of this paper.
Another way to derive this quantity is to use the generalized
coefficient of brightness ^(77, — 77', f, <p — <po) introduced by
Sobolev5 and determined as follows:

(41)

(42)

Equations (9), (39), and (41) give

~ ' ~
7T S

The methods of deriving F(rj", r)', 77, <p' - <p) for 0 ^ 77" Z 1
are shown in Ref. 5. For other values of 77" the magnitude of
the generalized coefficient of brightness can be calculated
readily according to the formulas given in Ref. 5.

The intensity of radiation emitted from the medium can be
determined, in addition to (36), in terms of another formula
which is derived readily when (40) is substituted in (36) . It
is as follows :

1 + si?'

, r,, <p' -

X

' + (43)

2) Let us now study the case when the power of the radia-
tional sources located in medium BQ(T) is dependent only on
the optical depth and is not dependent on the direction.
Then (33) gives for the intensity of the radiation emitted from
the medium

/(O, r?) = - T, rj)dr (44)

where

l_ /•+! /*2

[TT J -i JoQ(T' "} =

Quantity Q(r, 77) determines the probability for a quantum,
emitted at depth T, to be re-emitted from the medium at the
angle arc cos?; to the normal. The analogous quantity for an
absorbed quantum is determined as follows :

When integrated over 77' and <p', Eq. (1) gives:

P(r, r,) = \Q(T, r,)

and it follows from (12):
(47)

- - P(r, „) + 2r o P(r, i,0p.(0, r,', ,) (48)

7(0, rf) can be found very easily if BQ(T) is a polynomial.
Let

Hence we have from (44) and (47):

3, i») = V [6oA

where

(49)

(50)

(51)

Let us now establish the method of determining Am(rf).
Multiplication of (48) by rm and integration over r from 0 to
oo, and with the consideration that m ^ 1, gives

27T 0, 77',

If (32) is used, then

-Am(rj} +
»=o

T
*/0

(52)

i?' (53)

Equation (53) appears to be recurrent and to make it possible
to determine Am(rj) from the known quantity Am-i(rj). In
order to determine the value of the integrals included in (53),
a system of equations, derived by multiplying (53) by P»(r?)
and integrating over 77 from 0 to 1, must be solved. In order
to determine ^0(77) it is necessary to integrate (48) over r
from 0 to oo. Hence we have

+ j Z .40(77')P<(VW (54)

The integrals included in (54) are determined by the method
described in the foregoing, and quantity P(0, 77), as clearly
implied by (32), is as follows:

(55)

It is pointed out for the spherical indicatrix of scattering
under condition (49) that the problem of radiation emitted
from a medium has already been solved by Sobolev2 and
Ueno.6

Let us now investigate case BO(T) = 1 in detail. It is
clear that (50), (54), and (55) can be used here assuming that
60 = 1 and bi = 62 = . . . =0. However, the problem is
solved in a different manner. Substitution of 6(77, <p) = I
and s = 0 in (43) which corresponds to BQ = 1, gives

7(0, 77) = - P(0, 77) -

- P f2^ Ptn', v, *' ~ vWdi'd
7T J 0 J 0

However, Eqs. (44) and (47) give

7(0, 57) = \-—P(Q,ri)
A 1\

' + l (56)

(57)

Substitution of (57) in (56) gives

1 ~ ~
/(O, ,) = —— V (58)

In addition, as is known already (see Ref. 2), when the semi-
infinite medium is illuminated by parallel beams incident at
an angle arc COST? to the normal, the albedo of this medium
A (77) can be found as follows :

l_
TT JO JO

Comparison of (58) and (59) gives finally

P(r,', r,, <p' - <p)y'dr,'d<p' (59)

(60)1 - X
It should be noted that (60) is valid for any scattering in-
dicatrix. If the indicatrix is spherical, then

-X (61)
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and from (60) the well-known formula is derived (see Ref . 2) :

7(0, 77) = —
V 1 - A

Now let the scattering indicatrix have the form

x(y) = 1 + xi COST

For such a case

A(rj) = I - - ^'(77)
77

and from (60) it follows that

rj 1 —

(62)

(63)

(64)

(65)

3) Let us now determine the angular distribution of the
intensity of radiation 7(77) diffusely transmitted by the
medium which has a large optical depth. In such a case,
it should be considered that the radiational sources are located
at an infinitely large depth.

Let us first derive the equations for the emission probability
of a quantum from a very large optical depth (r » 1) . Phys-
ical meaning implies that this probability will be dependent
only on r and r] and, in addition, that the expression for
P(r, 77) must be sought in the following form:

r, 77) = (66)

where k is an unknown constant and C(rj) is an unknown
function.

Substitution of (66) in (48) gives

-kC(r,) = - - CO,) + 27T P C(i7')po(0, r,', r,) ̂  (67)77 Jo 77

Equations (67) and (32) indicate that

X A CiXitp2 * T
where

* = f1
Jo

drj
V

(68)

(69)

Equation (68) determines function C(rj). Constants d
included in (68) are derived from the system of linear alge-
braic equations

X n

where

an = I -^——7— ^77Jo 1 — kin

(70)

(71)

and integrating over 77 from 0 to 1. The condition of non-
trivial solution of this system determines the value of constant
k. It should be pointed out that this method determines C(rj)
only to within a constant factor.

Taking (66), (68), (33), and (47) into account for the angu-
lar distribution of the intensity of diffusely transmitted radia-
tion we have

(72)

System (70) is derived by multiplying (68) by Pj(rj) • (l/rj)

The investigated problem was previously solved by Am-
bartsumian7 by the method of combined layers which he
developed. Solution by the probabilistic method described
here leads to the goal much faster and therefore may be of
some interest.

The present paper solves the problem of determining the
intensity of radiation emitted from a semi-infinite medium
with an arbitrary scattering indicatrix for any distribution of
sources, the power of which, in a general case, can be depend-
ent on depth and direction. The solution is obtained by
using the probabilistic concept of emission of a quantum from
the medium for a given direction.

It is demonstrated by Sobolev2'3 that on the basis of the
emission probability of a quantum from the medium it is
possible to determine also the radiation field within the
medium. The luminous mechanism within the medium will
be determined in Part II. Application of the Laplace trans-
forms to the problems under investigation will be demon-
strated there also.

Summary

The problem of diffusion of radiation in a semi-infinite
medium with nonspherical indicatrix of scattering is con-
sidered with the aid of the probabilistic method. In Sec. 1
the probability of emergence for a photon from a medium in a
given direction is introduced. In Sec. 2 the equations for the
probability of emergence for a photon from a medium are
given. In Sec. 3 the intensity of radiation emerging from a
medium illuminated by parallel rays is derived. The ex-
pressions for the intensity of radiation emerging from a
medium for different sources of radiation are derived in Sec. 4.

References
1 Sobolev, V. V., Astron. Zh. (Astron.. J.) 28, no. 5 (1951).
2 Sobolev, V. V., Transmission of Radiant Energy in Stellar and

Planetary Atmospheres (Gostekhizdat, Moscow, 1956).
3 Sobolev, V. V., Doklady Akad. Nauk SSSR (Proc. Acad.

Sci. USSR).116, no. 1 (1957); 120, no. 1 (1958).
4 Ambartsumian, V. A., Zh. Eksperim. i Teor. Fiz. (Soviet

Physics—JETP) 13, no. 9, 10 (1943).
5 Sobolev, V. V., Doklady Akad. Nauk SSSR (Proc. Acad. Sci.

USSR) 69, no. 3(1949).
6 Ueno, S., J. Math, and Mech. 7, no. 4 (1958).
7 Ambartsumian, V. A., Doklady Acad. Nauk SSSR (Proc.

Acad. Sci. USSR) 43, no. 3 (1944).

Reviewer's Comment

In this paper, the author extends Sobolev's method of the
solution of radiative transfer problem in semi-infinite medium
for anisotropic scattering. This solution is based on the
probabilistic method, whereas Chandrasekhar1 indicated the
solution of the same problem based on the use of the equation
of radiative transfer and the principles of in variance. The
equivalence of these two different methods has been demon-
strated for the case of isotropic scattering by Ueno.2 Chan-
drasekhar's method is also discussed in an exact mathematical
analysis by Busbridge.3

The problem, investigated by the author in the present
paper, can be considered a special case of the problem of
radiative transfer in a plane-parallel medium of finite optical
depth, studied for anisotropic scattering by Churchill et al.4
and by Yanovitski.5 The latter author indicated the solution
of an inhomogeneous medium, in which the albedo for single
scattering, as well as the indicatrix of scattering (phase
function), vary with optical depth. Yanovitski uses the
auxiliary equation (for the source function) as the starting
point for his discussion, whereas Churchill et al. extend
Chandrasekhar's solution for the case of variable albedo for
single scattering. By a proper limiting process, in which the


